(Received 18 February 1997) We show that the evolution of the average intensity of cw beams in a quasi-phase-matched quadratic (or x ͑2͒ ) medium is strongly influenced by induced Kerr effects, such as self-and cross-phase modulation. We prove the existence of rapidly oscillating solitary waves (a spatial analog of the guidedcenter soliton) supported by the quadratic and induced cubic nonlinearities. [S0031-9007 (97) One of the most spectacular manifestations of nonlinearity in physical systems is the existence of solitary waves, which occur when dispersion (or diffraction) is balanced by nonlinearity. In nonlinear optics the fundamental equation to describe solitary waves is the nonlinear Schrödinger equation, valid for both pulse (temporal) and beam (spatial) propagation in a medium with cubic (or Kerr) nonlinearity. However, as has been already established (see Ref. [1] to cite a few), solitary waves can also exist in media with quadratic nonlinearity as a result of cascading, under the condition of phase matching.
Solitary waves in quadratic (or x ͑2͒ ) materials have attracted growing attention, because of the possibility to employ large second-order nonlinearities for the needs of all-optical switching. Such spatial solitary waves have been recently observed experimentally in a potassiumtitaynl-posphate bulk crystal and in a LiNbO 3 slab waveguide [2] . However, the efficiency of the cascaded nonlinearities in those experiments was quite low, and thus high input powers were required. This was partly because of the limitations imposed by the use of conventional phase-matching techniques based on birefringence and temperature tuning.
In the context of second-harmonic generation the quasiphase-matching (QPM) technique is known as an attractive way to obtain good phase matching, and has been studied intensively (see Ref. [3] for a review). The QPM technique relies on the periodic modulation of the nonlinear susceptibility and/or refractive index, by which an additional (grating) wave vector is introduced, which can compensate for the mismatch between the wave vectors of the fundamental and second-harmonic waves. With the QPM technique, phase matching becomes possible at ambient temperatures, and does not introduce spatial walk off; the polarization with the largest nonlinearity can be used, and materials with strong nonlinearities can be explored, which are not phase matchable by angle or temperature tuning. The physics of QPM has been known since 1962 [4] , but only recently have the experimental difficulties been overcome and stable techniques been developed, such as domain inversion in ferroelectric materials [5] , proton exchange [6] , and etching and cladding [7] , to mention a few.
In We consider the interaction of a cw beam with the fundamental frequency v and its second harmonic ͑2v͒, propagating in a QPM x ͑2͒ slab waveguide, where only the nonlinear susceptibility is modulated. Assuming nonlinearity to be of the same order as diffraction, the evolution of slowly varying beam envelopes is governed by the normalized equations (see, e.g., Refs. [3, 4, 8, 9] )
where W ͑x, z͒ and V ͑x, z͒ are the envelopes of the fundamental and the second harmonic, respectively. The parameter b Dkjk v jx 2 0 is proportional to the phase mismatch Dk 2k v 2 k 2v , k v and k 2v being the wave numbers at the two frequencies. The normalization parameter x 0 is equal to the input beam width. Spatial walk off is neglected; it will usually not be present in QPM materials, since perpendicular or parallel polarization states can be employed. The transverse coordinate x is measured in units of x 0 , and the propagation coordinate z is measured in units of the diffraction length l d x 2 0 jk v j. The spatial, periodic modulation of the nonlinear susceptibility x ͑2͒ is described by the QPM-grating function d͑z͒, 0031-9007͞97͞78(25)͞4749(4)$10.00 © 1997 The American Physical Society 4749 whose amplitude is normalized to 1, and whose domain length we define as p͞k. In general, the periodic function d͑z͒ can be expanded in a Fourier series
where the summation is over all n from 2`to`. In many physical applications the QPM grating can be well approximated by the square function depicted in Fig. 1 , for which the Fourier series (2) contain only odd harmonics, d 2n 0 and d 2n11 2͞ip͑2n 1 1͒. Inserting d͑z͒, given by Eq. (2), into Eqs. (1) and making the transformation W ͑x, z͒ w͑x, z͒ and V ͑x, z͒ y͑x, z͒ exp͑ibz͒, we obtain the equations
whereb b 2 mk is the effective phase-mismatch parameter for QPM of the mth order. We assume that the QPM period is well controlled, so that b ഠ mk. This means thatb is of the order of one or less (ideally 0), even though b might be large itself.
Equations (3) include coefficients that are periodically varying with the period 2p͞k. If k is sufficiently large, the dynamics could therefore be adequately described by averaged equations. Physically, mk ഠ b ¿ 1 means that the coherence length l c 2p͞Dk is much smaller than the diffraction length l d , since b 2pl d ͞l c . To derive these equations we use an approach based on the asymptotic expansion technique, which has been successfully applied in many types of soliton problems [10] .
We consider therefore the case where k ¿ 1 and expand the functions w͑x, z͒ and y͑x, z͒ in a Fourier series
where w n ͑x, z͒ and y n ͑x, z͒ are assumed to vary slowly compared with exp͑ikz͒. This gives the equations for the coefficients w n and y n . Now, following the reasoning of Refs. [10] , we assume that the higher harmonics are of order of 1͞k ø 1 or smaller, compared to the averages w 0 and y 0 . Taking into account only the lowest order terms in the equations for the harmonics, we then derive the following relations:
where g, r, and h are all of the order of 1͞k and given by
, and h n d m͑n11͒ d m͑2n21͒ . From Eqs. (6) follows the important result that the QPM grating introduces an effective cubic nonlinearity in the form of self-and cross-phase modulation terms. However, the self-phase modulation does not appear for the second harmonic, making the localized solutions and the system dynamics be different from the earlier analyzed case of competing nonlinearities [9, 11] . Thus, the so-called V soliton [11] , where w 0 0 and y 0 is a nonlinear Schrödinger soliton, does not exist in Eqs. (6) .
Let us consider the most efficient QPM of first order, m 1, and the square grating depicted in Fig. 1 , for which the Fourier series contains odd components only. Then, the expansions for w and v involve only even components, and the coefficients g, r, and h become real and related
2n .
Equations (6) therefore reduce to the following:
where both the quadratic and cubic nonlinearity coefficients are calculated in an explicit form, x 2͞p, g k 21 ͑1-8͞p 2 ͒. Note the p͞2 phase shift in front of the quadratic terms and the opposite signs of the cubic self-and cross-phase nonlinear terms. We look for stationary solutions to Eqs. (7) 
Analysis shows that localized solutions (8) exist only for positive values of the wave number l, satisfying l . max͕0, 2b͞2͖. Note again the p͞2 phase shift appearing in the definition of the stationary solutions (8), in order for w 0 ͑x͒ and y 0 ͑x͒ to be real. Localized solutions of Eqs. (9) have been found numerically for any allowed value of l and for the coefficients that correspond to the square grating. Figure 2 shows some of the properties of these numerical solutions for k 10, e.g., the ratio of peak intensities vs l and the characteristic profiles of the solutions for l 1, compared with the corresponding results for the zero-order approximation (g 0, dashed curves).
Looking at the ratio of the peak intensities shown in Fig. 2(a) , the cubic correction terms are seen to have a significant effect. In the zero-order approximation ͑g 0͒, this ratio is a constant forb 0, which we find numerically to be 0.6865. However, in the QPM system with the induced Kerr effects ͑g fi 0͒, this ratio tends to x 2 ͞18gl for l ¿ 1, shown as a dotted curve.
In the original variables, the stationary solutions w 0 and y 0 correspond to self-guided beams with rapidly oscillating intensities given by
Since d͑z͒ is real, Eqs. (1) 
which is also equal to the average power, since I w 1 I y w 2 0 1 y 2 0 . The dependence of the total power on the soliton propagation constant l is shown in Fig. 3 for k 10.
For negativeb there is a power threshold for the existence of solitons, which occurs close to the cutoff at l max͕0, 2b͞2͖. The induced Kerr effects are seen to increase this threshold power. However, for positiveb the Kerr effects decrease the power required for generating a solitary wave with a certain propagation constant l. Stability analysis of the zero-order equations ͑g 0͒ has been developed in Ref. [12] . We except that similar results would apply when the induced Kerr effects are taken into account, namely that the solitary waves are stable for dP͞dl . 0, and unstable for dP͞dl , 0.
In order to test our asymptotic results, we use a QPM soliton as the initial condition in Eqs. (1), which we solve numerically for the square grating shown in Fig. 1 . The results forb 0 and k 10 are plotted in Fig. 4 and show clearly that the soliton propagates undistorted along z, oscillating with the period p͞k.
We have made a series of such numerical experiments forb 0, in which we propagate the QPM solitons, record their peak intensities in a while number of periods p͞k after steady state is reached, and calculate the average, maximum, and minimum values in a period. The results are summarized in Fig. 5 . The measured ratio of the average peak intensities of the excited solitons, shown in Fig. 5(a) , deviates clearly from the prediction of the zero-order approximation ͑g 0͒, but is in excellent agreement with the theory that takes into account the induced Kerr effects, even for k 4. Also the measured maximum and minimum values, shown in Fig. 5(b) , are in perfect agreement with our theory. It is important to note that k b 4 corresponds to l d ͞l c 2͞p, and thus our averaged equations seem to be applicable even FIG. 3 . Power vs propagation constant l for the soliton families of the QPM system (7) for k 10 (solid curves) and the zero-order approximation (g 0, dashed curves). The value ofb is indicated at each pair of curves. We note that the average QPM soliton in quadratic media predicted in this Letter can be regarded as a spatial analog of the guided-center soliton [13] , known from the theory of pulse propagation in nonlinear optical fibers with periodic amplification and dispersion management [14] . However, unlike the guided-center soliton, the periodic modulation of the quadratic nonlinearity does not alter the existing nonlinearity, it induces effective higher order nonlinearities, which we have shown can significantly modify the solitary waves.
In conclusion, we have shown that the dynamical equations describing cw beams in QPM quadratic media include periodicity-induced Kerr effects, such as self-and cross-phase modulation. These effective equations apply to the case when the diffraction length is on the order of or larger than the coherence length, l d $ l c . We have numerically found rapidly oscillating, spatial solitary waves in the physically relevant regime of the QPM domain length and the phase mismatch. Structure and stability of these spatial QPM solitons have been investigated in the framework of the average dynamical equations, and also verified by direct numerical simulations. We believe our results reveal an important physical mechanism, by which QPM can lead, at a fixed propagation distance, to a reduction of the power required for supporting self-trapping in quadratic media.
